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THE MOTIVATION

OUR GOAL IS TO MAXIMIZE THE PRESENT VALUE OF A FISHERY WHICH MAY HARVEST MULTIPLE
INTERACTING SPECIES. To DO SO, USE THE TRADITIONAL PRESENT VALUE INTEGRAL

PV:J R(t) - e ®dt
0

LET | DENOTE THE CATCHABILITY OF A SPECIES IN [VESSEL- DAY] !, £ THE EFFORT IN [VESSELS],
AND /1(f) THE HARVESTING FUNCTION

h(t) = gEx(t)

ALONG WITH THE UNIT SELLING PRICE P AND COST PER UNIT OF EFFORT C, THE INSTANTANEOUS
NET PROFIT IS

R(t) = ph(t) — cE
WRITING THE PRESENT VALUE INTEGRAL IN TERMS OF HARVESTING GIVES

PV = J e (pgx(t)E — cE)dt
0

THE QUESTION, THEN, 1S: HOW DOES ONE DETERMINE THE OPTIMAL FISHING EFFORT SO AS TO
MAXIMIZE VALUE?

PoruLATION DYNAMICS WITH HARVESTING

BEFORE TACKLING THE PV INTEGRAL, ONE MUST DETERMINE THE POPULATION DYNAMICS FOR
THE SPECIES INVOLVED. THE REQUISITE DYNAMICS WILL BE CONSTRUCTED IN STAGES:
FIRST, RECALL THE LOGISTIC GROWTH MODEL FOR A SPECIES X:
r
x(t) =x (r — —x)
k

WHERE
» X(f)= THE STOCK LEVEL AT TIME ! [TONNES]
» ¥— INTRINSIC GROWTH RATE [TIME] !
» k= CARRYING CAPACITY [TONNES]

LETTING SUBSCRIPTS DENOTE EACH SPECIES AND ADDING INTERACTION TERMS GIVES RISE
TO THE FAMILIAR LOTKA-VOLTERRA PREDATOR-PREY MODEL

11(t) = xi(r — g — oaxp)
o(t) = xa(r2 — 2x0 — 1)

NEXT, A STRESS TERM ®A (PREDETERMINED AND ASSUMED CONSTANT) IS ADDED FOR EACH
SPECIES. THE NET EFFECT OF ECOLOGICAL STRESS IS TO SHIFT EQUILIBRIUM POINTS IN THE
NEGATIVE DIRECTION (WHICH MAY RESULT IN OVERFISHING IF UNACCOUNTED FOR).

IN THE FINAL STAGE, HARVESTING (RECALL /i(t) = gEx(t)) 1S ADDED TO OUR SYSTEM. THE
RESULTING POPULATION DYNAMICS ARE THEN DETERMINED BY THE EQUATIONS

n
fi=x | ri— ) oyxi—diAi—qE|; 1<i<n
j=1

» A SUBSCRIPT | DENOTES A TERM FOR THE i

h

OF 11 SPECIES

> 0tjj IS THE INTERACTION BETWEEN THE {"' AND i sPECIES
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PHASE PLANES OF A HARVESTED 2Xx2 SYSTEM
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Figure: Sample trajectories for u = 0 (Left); u = us; (Middle); and u = 1 (Right)

DETERMINING AN OrTiMAL CONTROL POLICY

THE ECONOMIC QUESTION MAY BE FORMULATED AS AN EQUIVALENT OPTIMAL CONTROL PROBLEM

MAXIMIZE J[X(t), u(t)] = J:o e (1-X(t) — Du(t)dt; X(t) = (x1(t), ..., x4(1))

SuBJECT TO: X; = X;Fi(x1,...,x,) —vixiu; x;(t) € [0,1]; wu(t) € [0,1]

DEFINE THE HAMILTONIAN AS

n

n
J_(:(xll s Xny }\1/ ey }\Tll u, t) - ue_t Z[Hixi] -1+ Z )\ixi

i=1 i=1

PONTRYAGIN’S MAXMIMUM PRINCIPLE STATES THAT THE OPTIMAL TRAJECTORIES X; AND
CONTROL /", ALONG WITH THE CORRESPONDING LAGRANGE MULTIPLIERS A, MAXIMIZE H.
SYMBOLICALLY

>

H(x7, ooy X, A, e, A, U, 1) = H(X9, e X, A, v, A, U, £) VEAND YV 1 € [0, 1]

dA; oH
dt axi
SUBSTITUTING 5(1' INTO H{ AND REWRITING SHOWS THAT THE HAMILTONIAN IS LINEAR IN THE

CONTROL U:
n

n
H(...) = Zp\ixiFJ +u-@; (0 Y Z[eitliixi —YiAix; — 1]
i=1 i=1
SINCE ¥ MUST MAXIMIZE J}{, IT IS EASY TO SEE THAT WE MAY DEFINE THE CONTROL FUNCTION
IMPLICITLY AS FOLLOWS:
0 IF @(t) <0
uw=<ust) we(t)=0
1 IF @(t) >0
AN EXPLICIT FUNCTION FOR /" IS AN ARDUOUS TASK BUT CAN BE FOUND BY FOLLOWING THE
METHOD OF SOLUTION PROVIDED.

METHOD OF SOLUTION

To PROVIDE AN ANSWER TO OUR ECONOMIC PROBLEM WE MUST FIRST
» DETERMINE NECESSARY AND SUFFICIENT CONDITIONS VIA THE MAXIMUM PRINCIPLE

» ELIMINATE COSTATE VARIABLES (7\1-’5)

» DETERMINE THE SWITCHING FUNCTION 1/;(f) FOR THE SINGULAR PATH @ = (0
» THE PREVIOUS TWO STEPS MAKE USE OF ¢’ = @"' = ... = 9" =0

» COME TO TERMS WITH THE MONSTER THUS CREATED

HARVESTING A PREDATOR-PREY SYSTEM

TO ILLUSTRATE THE POLICY, CONSIDER TWO SPECIES X AND Y WITH THE FOLLOWING DYNAMICS:

¥ =x(r — o11x — apy — d1A1 — 1 E)

v =y (ra+ ox — any — $2Ar — qoE)

USING THE FIGURE PROVIDED TO ANALYZE THE PHASE PLANES, NOTICE THAT
» BEFORE HARVESTING (LEFT) — u# = 0: TRAJECTORIES SPAWN FROM (0, 0) TOwWARD (1,1)
» FULL HARVESTING (RIGHT) — 4 = 1: TRAJECTORIES SPAWN FROM (1,1) Towarp (0, 0)

» THE SWITCHING FUNCTION s (MIDDLE) CREATES A "REGION OF EQUILIBIRUM  (OBSERVE
AROUND (0.1,0.8) ) ABOVE WHICH NEITHER SPECIES IS DRIVEN TOWARD EXTINCTION AND THE
FISHERY IS PROIFTABLE

ECONOMIC EQUILIBRIA MUST BE DETERMINED SO THAT AN OPTIMAL TRAJECTORY CAN BE
STITCHED TOGETHER FROM EACH PHASE PORTRAIT. FOR EXAMPLE:

WITH INITIAL STOCK LEVELS OF (0.05,0.1) THE FISHERY MUST WAIT (1/ = ) UNTIL THE
POPULATION OF SPECIES TWO HAS INCREASED SUFFICIENTLY BEFORE APPLYING AN INVESTMENT
PULSE (1 = 1). SINCE MAINTAINING MAXIMUM EFFORT WOULD LEAD TO OVERFISHING (AND
YIELD ZERO REVENUE), THE SWITCHING FUNCTION 1/ MUST BE USED TO ATTAIN AN EQUILIBRIUM
THAT IS ECOLOGICALLY AND ECONOMICALLY SOUND.
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